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A theoretical model is developed for the exact contact analysis of magneto-electro-elastic half-plane
materials indented by a moving rigid punch in this paper, which is Part I of a series of papers. A numerical
analysis based on this theoretical model will be presented in Part II. The Galilean transformation and the
Fourier sine and cosine transforms are applied to make the transient problem tractable. Detailed analyses
of the eigenvalue distributions of the double-biquadrate order characteristic equation related to the mag-
neto-electro-elastic governing equations are performed. Real fundamental solutions are derived for each
eigenvalue distribution. The punch may have a ﬂat or cylindrical proﬁle and may be electrically and
magnetically conducting, electrically conducting and magnetically insulating, electrically insulating and
magnetically conducting, or electrically and magnetically insulating. For each type of punch, the singular
integral equations are derived with the surface contact stress, surface electric charge, and/or surface mag-
netic induction inside the contact region as the unknown functions. Exact solutions to the systemof integral
equations are obtained. In particular, closed-form expressions for the stresses, electric displacements, and
magnetic inductions in terms of fundamental functions are derived, which provide a scientiﬁc basis for the
interpretation of the contact behaviors of multiferroic materials as will be shown in Part II of this series of
papers.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
Materials that demonstrate magneto-electro-elastic coupling
effects are an important class of smart composites in application
in industrial controls and measurements (Harshe et al., 1993;
Huang and Kuo, 1997; Li and Dunn, 1998a; Li, 2000; Chen et al.,
2002). Such magneto-electro-elastic materials are desirable for
magneto-electro-elastic energy storage or signal conversion due
to the multi-coupling of the mechanical deformation, electric ﬁeld,
and magnetic ﬁeld (Javelined and Harshe, 1994; Alshits et al.,
1995; Chung and Ting, 1995; Pan, 2002; Wang and Shen, 2003).
Analyses of magneto-electro-elastic coupling have been
conducted theoretically and experimentally. Li and Dunn (1998b)
analyzed the average ﬁelds and effective moduli of heterogeneous
media with full coupling between stationary elastic, electric, and
magnetic ﬁelds by using a micromechanics approach. Similarly,
Huang and Zhou (2004) studied the effective properties of magne-ll rights reserved.
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chanics, Dalian University of
84709127; fax: +82 2 2123
Zhou), KYL2813@gmail.comtoelectric composites with inclusions of piezoelectric and magne-
tostrictive composites. Wang et al. (2005) considered the static
or low-frequency magnetoelectric coupling in magnetostrictive
piezoelectric bilayers. Lee et al. (2005) investigated the effective
properties of advanced composites with a piezoelectric phase
and a piezomagnetic phase embedded using the ﬁnite element
method. Srinivas et al. (2006) presented the properties of multifer-
roic phases while taking into account the effects of the shape and
orientation distribution of the second phase.
Research on fractures in magneto-electro-elastic materials has
also drawn signiﬁcant interest. The interaction ofmultiple arbitrarily
oriented and distributed cracks in magnetoelectroelastic materials
was studied by Tian and Rajapakse (2005) who used path indepen-
dent integrals. Based onmagnetic and electrical boundary conditions
that are nonlinearly dependent on the crack opening displacement,
the T-stress for a Grifﬁth crack in an inﬁnite magnetoeletroelastic
medium was investigated by Zhong and Li (2007). Li and
Kardomateas (2007) studied the interfacial crack problem for
bonded piezoelectromagneto-elastic anisotropic bimaterials under
inplane deformation. Feng et al. (2009) addressed the dynamic re-
sponse of an interfacial crack between two dissimilar magnetoelec-
troelastic layers under magnetic, electrical and mechanical impact
loadings. Recently, Wang et al. (2010) investigated the applicability
of crack-face electric and magnetic boundary conditions on the
Fig. 1. A moving punch with (A) ﬂat proﬁle or (B) cylindrical proﬁle.
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(2010) investigated collinear unequal crack series in magneto-elec-
tro-elasticmaterials undermode I loadings by applying a dislocation
simulation method.
The transmission of loads through contacts between different
units and components of assemblies is required in engineering
practices. The contact problem is of great importance in character-
izing the mechanical, electrical, and/or magnetic properties of
advanced composites. Only a few researchers have conducted anal-
yses of the contact mechanics of magneto-electro-elastic materials.
Hou et al. (2003) gave the general solution of elliptical Hertzian
contact for transversely isotropic magnetoelectroelastic media in
the form of harmonic functions. Chen et al. (2009) presented a
general theory on indentation over a transversely isotropic and
magneto-electro-elastic half-space with its axis of symmetry nor-
mal to the surface of the half-space in cylindrical coordinates. These
two articles were based on the method in potential theory devel-
oped by Fabrikant (1989, 1991), which has been widely employed
in contact analyses of elastic and piezoelectric materials (Kalinin
et al., 2007; Karapetian et al., 2005, 2009). To the authors’ knowl-
edge, the exact contact analysis of magneto-electro-elastic materi-
als indented by a moving rigid punch has not been reported.
Therefore, the present article, which is Part I of a series of papers,
presents a theoretical model for the exact contact analysis of mag-
neto-electro-elastic half-plane materials indented by a moving ri-
gid punch through a real-fundamental-solution approach (Li and
Lee, 2010; Zhou and Lee, 2011). In Part II, numerical results will
be presented, which will not only verify the theoretical model
developed in this paper but also reveal the physics behind the inter-
esting observations that cannot be described by the closed-form
solutions and other open documents.
In this study, the punch may have a ﬂat or cylindrical proﬁle
and may be electrically and magnetically conducting, electrically
conducting and magnetically insulating, electrically insulating
and magnetically conducting, or electrically and magnetically insu-
lating. The Galilean transformation and the Fourier sine and cosine
transforms are employed to reduce the complex boundary value
problems to singular integral equations. Exact solutions to the
system of integral equations are obtained. In particular, the
closed-form expressions of the stresses, electric displacements,
and magnetic inductions in terms of fundamental functions are de-
rived. In addition, this article reports the detailed analyses of the
eigenvalue distributions of the double-biquadrate order character-
istic equation related to the magneto-electro-elastic governing
equations. Real fundamental solutions are derived for each
eigenvalue distribution. This exact contact analysis will provide a
scientiﬁc basis for the interpretation of the contact behaviors of
multiferroic materials.2. Problem statement and formulation
Consider the problem shown in Fig. 1, where a rigid punch acts
on the surface of a magneto-electro-elastic material. A rectangular
coordinate system is established. The magneto-electro-elastic
plane is transversely isotropic and poled along the z-axis. There
is a normal force P acting on the punch. The punch moves smoothly
to the right at a constant speed V . Suppose that the punch pos-
sesses a ﬂat or cylindrical proﬁle.2.1. Governing equations
The mechanical deformations in the xoz plane are coupled with
the in-plane magneto-electric ﬁelds, and the associated magneto-




 e31Ez  h31Hz;
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 e15Ex  h15Hx;





þ 211Ex þ d11Hx;




þ 233Ez þ d33Hz;
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þ d11Ex þ l11Hx;




þ d33Ez þ l33Hz;
ð3Þ
where rxx, rzz, and rxz are the stress components; Dx and Dz are the
electric displacement components; Bx and Bz are the magnetic induc-
tion components; u and w are the mechanical displacements in the x
direction and z direction, respectively; cij, eij, and 2ii are the elastic
constants, piezoelectric constants, and dielectric constants, respec-
tively; and hij, dii, and lii are the piezomagnetic constants, magneto-
electric constants, andmagnetic permeability constants, respectively.
The electric ﬁeld-potential and magnetic ﬁeld-potential rela-
tions are
Ex ¼  @/
@x
; Ez ¼  @/
@z
; ð4Þ
Hx ¼  @w
@x
; Hz ¼  @w
@z
; ð5Þ
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respectively.
For linear magneto-electro-elastic materials, the equilibrium




























where q is the mass density and t is the time variable.
Substituting the constitution Eqs. (1)–(5) into the equilibrium
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The Galilean transformation is introduced as
X ¼ x Vt; Z ¼ z; ð12Þ
which possesses the following properties:
@=@X ¼ @=@x; @=@t ¼ V@=@X; @=@Z ¼ @=@z: ð13Þ
Substitution of Eq. (12) into Eqs. (9)–(11) yields the following
transformed governing equations:
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the shear wave velocity.
2.2. Boundary conditions
For the given contact problem, the ﬁeld quantities vanish at
inﬁnity, i.e.,















The boundary conditions on the surface Z ¼ 0 will be given sep-
arately in terms of the mechanical, electrical, and magnetic bound-
ary conditions.2.2.1. Mechanical boundary conditions
The mechanical boundary conditions on the surface Z ¼ 0 are
wðX;0Þ ¼
w0; For Flat;
w0 þ X22R ; For Cylindrical;
(
jXj < a; ð20Þ
rZZðX;0Þ ¼
pðXÞ; jXj < a;
0; jXj > a;

ð21Þ
rXZðX;0Þ ¼ 0; jXj < þ1; ð22Þ
Z a
a
pðXÞdX ¼ P; ð23Þ
where w0 is the indentation depth, R is the radius of the cylindrical
punch, pðXÞ is the unknown surface contact stress inside the contact
area, and the normal force P represents the total indentation force
along the Z-axis in the contact area.2.2.2. Electrical boundary conditions
The punch can be either electrically conducting or insulating.
(a) For an electrically conducting punch,
/ðX;0Þ ¼ /0; jXj < a; ð24Þ
DZðX;0Þ ¼
qðXÞ; jXj < a;





qðXÞdX ¼ Q ; ð26Þ
where /0 represents a constant electric potential within the contact
region jXj < a, qðXÞ denotes the unknown electric charge distribu-
tion inside the contact region, and Q is the accumulated electric
charge applied on the electrically conducting punch surface.
(b) For an electrically insulating punch,
DZðX;0Þ ¼ 0; jXj < 1: ð27Þ2.2.3. Magnetic boundary conditions
The punch can be either magnetically conducting or insulating.
(a) For a magnetically conducting punch,
wðX;0Þ ¼ w0; jXj < a; ð28Þ
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mðXÞdX ¼ M; ð30Þ
where w0 is a constant magnetic potential within the contact region
jXj < a, mðXÞ denotes the unknown magnetic induction distribution
inside the contact region, and M is the accumulated magnetic
induction applied on the magnetically conducting punch surface.
(b) For a magnetically insulating punch,
BZðX;0Þ ¼ 0; jXj < 1: ð31Þ3. Real fundamental solutions
3.1. Eigenvalue analysis
Applying the Fourier integral transform to Eqs. (14)–(16) and
performing some manipulations produce the following character-
istic equation:
c11þc44 c2þc44n2 ðc13þc44Þn ðe31þe15Þn ðh31þh15Þn
ðc13þc44Þn c44ð1 c2Þ c33n2 e15e33n2 h15h33n2
ðe31þe15Þn e15e33n2 211þ233n2 d11þd33n2





By expanding Eq. (32), it is easy to ﬁnd that the characteristic
equation is a double-biquadrate equation and that all the terms
are even powers of the eigenvalue n. Thus, the eigenvalues are of
the following forms: (i) nn and nn ðn ¼ 1;2;3;4Þ, which emerge
simultaneously, and (ii) complex roots that appear in conjugate
pairs, i.e.,
n1 ¼ n5; n2 ¼ n6; n3 ¼ n7; n4 ¼ n8;
nn ¼ on þ irn; ReðnnÞ > 0; ð33Þ
where i2 ¼ 1 and on ðn ¼ 1;2;3;4Þ are real numbers.
A detailed analysis of the distribution of the eigenvalues is given
below.
 Case I: Four pairs of complex conjugate roots (no purely imag-
inary roots)n1 ¼ n5 ¼ o1 þ ir1; n2 ¼ n6 ¼ o1  ir1;
n3 ¼ n7 ¼ o3 þ ir3; n4 ¼ n8 ¼ o3  ir3: ð34Þ Case II: Four pairs of purely imaginary rootsn1 ¼ n5 ¼ ir1; n2 ¼ n6 ¼ ir2; n3 ¼ n7 ¼ ir3;
n4 ¼ n8 ¼ ir4: ð35Þ Case III: Two pairs of purely imaginary roots and two pairs of
complex conjugate roots (no purely imaginary roots)n1 ¼ n5 ¼ ir1; n2 ¼ n6 ¼ ir2; n3 ¼ n7 ¼ o3 þ ir3;
n4 ¼ n8 ¼ o3  ir3: ð36Þ Case IV: One pair of opposite real roots, one pair of purely imag-
inary roots and two pairs of complex conjugate roots (no purely
imaginary roots)n1 ¼ n5 ¼ o1; n2 ¼ n6 ¼ ir2; n3 ¼ n7 ¼ o3 þ ir3;
n4 ¼ n8 ¼ o3  ir3: ð37Þ Case V: One pair of opposite real roots and three pairs of purely
imaginary rootsn1 ¼ n5 ¼ o1; n2 ¼ n6 ¼ ir2; n3 ¼ n7 ¼ ir3;
n4 ¼ n8 ¼ ir4: ð38Þ Case VI: Two pairs of opposite real roots and two pairs of com-
plex conjugate roots (no purely imaginary roots)n1 ¼ n5 ¼ o1; n2 ¼ n6 ¼ o2; n3 ¼ n7 ¼ o3 þ ir3;
n4 ¼ n8 ¼ o3  ir3: ð39Þ Case VII: Two pairs of opposite real roots and two pairs of
purely imaginary rootsn1 ¼ n5 ¼ o1; n2 ¼ n6 ¼ o2; n3 ¼ n7 ¼ ir3;
n4 ¼ n8 ¼ ir4: ð40Þ Case VIII: Three pairs of opposite real roots and a pair of purely
imaginary rootsn1 ¼ n5 ¼ o1; n2 ¼ n6 ¼ o2; n3 ¼ n7 ¼ o3;
n4 ¼ n8 ¼ ir4: ð41Þ Case IX: Four pairs of opposite real roots
n1 ¼ n5 ¼ o1; n2 ¼ n6 ¼ o2; n3 ¼ n7 ¼ o3;
n4 ¼ n8 ¼ o4: ð42ÞFor semi-inﬁnite magneto-electro-elastic materials, there are
no repeated eigenvalues, and thus it is easy to conjecture that four
of the eigenvalues have positive real parts, while the other four
have negative real parts. Thus, Cases I, VI, and IX will occur in
the practical computation. For convenience, Cases I, VI, and IX will
be renamed as case A, B, and C.
3.2. Real fundamental solutions
Taking into account the boundary conditions (17)–(19) at inﬁn-
ity, one can obtain real fundamental solutions Hj ¼ ½H1jðx; ZÞ
H2jðx; ZÞH3jðx; ZÞH4jðx; ZÞT ðj ¼ 1;2;3;4Þ for each case of the
eigenvalue distributions.
Case A: Four pairs of complex conjugate roots (see Eq. (34))
Complex eigenvalues usually lead to complex eigenvectors. In
this case, the complex fundamental solutions can be obtained ﬁrst.
After applying Euler’s formula and performing some manipula-
tions, the real fundamental solutions Hj ¼ ½H1jðx; ZÞ H2j
ðx; ZÞH3jðx; ZÞH4jðx; ZÞT ðj ¼ 1;2;3;4Þ can be given as
H1 ¼ exo1z
cosðxr1zÞ
C1ðn1Þ cosðxr1zÞ  D1ðn1Þ sinðxr1zÞ
C2ðn1Þ cosðxr1zÞ  D2ðn1Þ sinðxr1zÞ







D1ðn1Þ cosðxr1zÞ þ C1ðn1Þ sinðxr1zÞ
D2ðn1Þ cosðxr1zÞ þ C2ðn1Þ sinðxr1zÞ







C1ðn3Þ cosðxr3zÞ  D1ðn3Þ sinðxr3zÞ
C2ðn3Þ cosðxr3zÞ  D2ðn3Þ sinðxr3zÞ







D1ðn3Þ cosðxr3zÞ þ C1ðn3Þ sinðxr3zÞ
D2ðn3Þ cosðxr3zÞ þ C2ðn3Þ sinðxr3zÞ
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75 ¼ c44ð1 c
2Þ  c33n2 e15  e33n2 h15  h33n2
e15  e33n2 211 þ 233n2 d11 þ d33n2













Case B: Two pairs of opposite real roots and two pairs of com-
plex conjugate roots (no purely imaginary roots) (see Eq. (39))
Real eigenvalues always lead to real eigenvectors while com-
plex eigenvalues always lead to complex eigenvectors. For complex
eigenvalues, following a derivation process similar to that in Case
A, one can obtain the real fundamental solutions Hj ¼ ½H1jðx; ZÞ




















C1ðn3Þ cosðxr3zÞ  D1ðn3Þ sinðxr3zÞ
C2ðn3Þ cosðxr3zÞ  D2ðn3Þ sinðxr3zÞ







D1ðn3Þ cosðxr3zÞ þ C1ðn3Þ sinðxr3zÞ
D2ðn3Þ cosðxr3zÞ þ C2ðn3Þ sinðxr3zÞ






where the functions C1ðn3Þ, D1ðn3Þ, C2ðn3Þ, D2ðn3Þ, C3ðn3Þ, and D3ðn3Þ
are the same as those deﬁned in Eq. (44), i.e.,
C1ðn3Þ¼Re½f ðn3Þ; D1ðn3Þ¼ Im½f ðn3Þ; C2ðn3Þ¼Re½gðn3Þ;
D2ðn3Þ¼ Im½gðn3Þ; C3ðn3Þ¼Re½hðn3Þ; D3ðn3Þ¼ Im½hðn3Þ; n3¼o3þ ir3:
ð47Þ
Case C: Four pairs of opposite real roots (see Eq. (42))
Because real eigenvalues always lead to real eigenvectors, the
real fundamental solutions Hj ¼ ½H1jðx; ZÞ H2jðx; ZÞ H3jðx; ZÞ


































7775: ð48Þ3.3. Expressions of basic quantities
By considering the real fundamental solutions, the following
generalized displacement ﬁelds can be obtained:




















MjðxÞH3jðx; ZÞ cosðxXÞdx; ð50Þ






MjðxÞH4jðx; ZÞ cosðxXÞdx; ð51Þ
where Mj ðj ¼ 1;2;3;4Þ are unknown functions.
Substituting Eqs. (49)–(51) into Eqs. (1)–(3) yields expressions
for the stresses, electric displacements, and magnetic inductions as











xMjðxÞT1jðx; ZÞ cosðxXÞdx; ð52Þ
































where the known functions Tmjðx; ZÞ ðm ¼ 0;1;2; j ¼ 1;2;3;4Þ,
Xnjðx; ZÞ ðn ¼ 0;1; j ¼ 1;2;3;4Þ, and !njðx; ZÞ ðn ¼ 0;1; j ¼
1;2;3;4Þ are given in Appendix A.4. Integral equation
As is shown in Eqs. (49)–(54), the basic quantities depend on
unknown functionsMj ðj ¼ 1; . . . ;4Þ. In what follows, the unknown
functionsMj ðj ¼ 1;2;3;4Þ for various punches will be determined,
and integral equations will be constructed.
4.1. Determination of the unknown functions Mj ðj ¼ 1; 2; 3; 4Þ
4.1.1. For an electrically and magnetically conducting punch
Applying the Fourier sine or cosine transforms to the boundary
conditions (21), (22), (25), and (29) yields the expression of Mj




ðH1jF1 þ H3jF2  H4jF3Þ; ðj ¼ 1;2;3;4Þ; ð55Þ
where H is the determinant and Hij ði; j ¼ 1;2;3;4Þ are the corre-
sponding complement minors of the following matrix:
MH ¼
T11ðx;0Þ T12ðx;0Þ T13ðx;0Þ T14ðx;0Þ
T21ðx;0Þ T22ðx;0Þ T23ðx;0Þ T24ðx;0Þ
X11ðx;0Þ X12ðx;0Þ X13ðx;0Þ X14ðx;0Þ





and Fn ðn ¼ 1;2;3Þ are deﬁned as







qðgÞ cosðxgÞdg; F3ðxÞ ¼
Z a
0
mðgÞ cosðxgÞdg: ð57Þ4.1.2. For an electrically conducting and magnetically insulating punch
Employing the Fourier sine or cosine transforms to the
boundary conditions (21), (22), (25), and (31) gives the following




ðH1jF1 þ H3jF2Þ; ðj ¼ 1;2;3;4Þ: ð58Þ
4.1.3. For a magnetically conducting and electrically insulating punch
Applying the Fourier sine or cosine transforms to the boundary
conditions (21), (22), (27), and (29) leads to the following expres-




ðH1jF1  H4jF3Þ; ðj ¼ 1;2;3;4Þ: ð59Þ
4.1.4. For an electrically insulating and magnetically insulating punch
Employing the Fourier sine or cosine transforms to the bound-
ary conditions (21), (22), (27), and (31) produces the following




H1jF1; ðj ¼ 1;2;3;4Þ: ð60Þ
In Eqs. (58)–(60), H is the determinant, Hij ði; j ¼ 1;2;3;4Þare
the corresponding complement minors of the matrix given in Eq.
(56), and Fn ðn ¼ 1;2;3Þ are the same as the functions given in
Eq. (57).
4.2. Integral equations
Integral equations can be obtained using the remaining bound-
ary conditions.
4.2.1. Integral equations for an electrically conducting and
magnetically conducting punch
Taking into account Eqs. (49)–(51) and differentiating quanti-































þ K33ðX;gÞmðgÞ  cosðxgÞ sinðxXÞdxdg; ð63Þ




































Employing the following formula:Z 1
0








and inspecting the boundary conditions (20), (24), and (28) lead to









































where, as mentioned above, pðXÞ is the unknown surface contact
stress inside the contact area, qðXÞ is the unknown electric charge
distribution inside the contact region, and mðXÞ is the unknown
magnetic induction distribution inside the contact region. To make
the problem complete, one should consider the equilibrium equa-
tions (23), (26), and (30).
4.2.2. Integral equations for an electrically conducting and
magnetically insulating punch
In this case, the normal magnetic induction is zero on the entire
Z ¼ 0 plane, i.e., mðXÞ ¼ 0. The remaining unknown functions are







g X qðgÞdg ¼ 
@wðX;0Þ
@X









g X qðgÞdg ¼ 0; jXj < a; ð72Þ
and equilibrium equations (23) and (26) .
4.2.3. Integral equations for a magnetically conducting and electrically
insulating punch
In this case, the normal electric displacement is zero over the
entire Z ¼ 0 plane, i.e., qðXÞ ¼ 0. The remaining unknown functions
are pðXÞ and mðXÞ. The system of integral equations contains







g XmðgÞdg ¼ 
@wðX;0Þ
@X









g XmðgÞdg ¼ 0; jXj < a; ð74Þ
and equilibrium equations (23) and (30) .
4.2.4. Integral equation for an electrically insulating and magnetically
insulating punch
In this case, the normal electric displacement and magnetic
induction are zeroes over the entire Z ¼ 0 plane, i.e., qðXÞ ¼ 0 and
mðXÞ ¼ 0. The remaining unknown function is pðXÞ. The integral
equation system containsZ a
a
K11
g X pðgÞdg ¼ 
@wðX;0Þ
@X
p; jXj < a; ð75Þ
and equilibrium equations (23).5. Exact solutions
In what follows, exact solutions of the integral equation system
deduced in Section 4 will be given, and explicit expressions of
physical quantities, such as the stresses, electric displacements,
and magnetic inductions, will be presented for each case.
5.1. Exact solutions for a ﬂat punch
Considering Eq. (20) leads to the following expression:
@wðX;0Þ
@X
¼ 0: ð76Þ5.1.1. An electrically conducting and magnetically conducting ﬂat
punch
The exact solutions of Eqs. (68)–(70), (23), (26) and (30) can be














p ; jXj < a: ð77Þ
For a ﬂat punch, the normal stress, electric displacement, and
magnetic ﬂux are inﬁnite at the edge of the contact area, leading
to a square-root singularity.
The stress, electric displacement, and magnetic induction inten-











































ðH1jP þ H3jQ  H4jMÞJ0ðx  aÞ ðj ¼ 1;2;3;4Þ; ð84Þ
where J0ðÞ is the zero-order Bessel function of the ﬁrst kind.































ð1ÞjðH1jP þ H3jQ  H4jMÞIðmÞ1j ðX; ZÞ;
ð87Þ
where IðsÞmjðX; ZÞ ðm ¼ 0;1;2; j ¼ 1;2;3;4Þ, IðeÞnj ðX; ZÞ ðn ¼ 0;1; j ¼
1;2;3;4Þ, and IðmÞnj ðX; ZÞ ðn ¼ 0;1; j ¼ 1;2;3;4Þ are known functions
and are given in Appendix A.5.1.2. An electrically conducting and magnetically insulating ﬂat punch
In this case, the exact solutions of Eqs. (71), (72), (23), and (26)









p ; jXj < a: ð88Þ
The stress and electric displacement intensity factors can be de-
ﬁned by Eqs. (78) and (79), and can be simpliﬁed to Eqs. (81) and
(82). The closed-form expressions for the stresses, electric dis-
placements and magnetic inductions can be obtained from Eqs.
(85)–(87) by setting M ¼ 0, but they are omitted here for the sake
of brevity.
By using the appropriate material properties, the results for a
conducting ﬂat punch in piezoelectric materials (Zhou and Lee,
2012) can be described by the equations in this subsection.5.1.3. A magnetically conducting and electrically insulating ﬂat punch
In this case, the exact solutions of Eqs. (73), (74), (23), and (30)









p ; jXj < a: ð89Þ
The stress and magnetic induction intensity factors can be de-
ﬁned by Eqs. (78) and (80) and can be simpliﬁed to Eqs. (81) and
(83). The closed-form expressions for the stresses, electric dis-
placements, and magnetic inductions can be obtained from
Eqs. (85)–(87) by setting Q ¼ 0, but they are omitted here for the
sake of brevity.
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p ; jXj < a: ð90Þ
The stress intensity factor can be deﬁned by Eq. (78) and can be
simpliﬁed as to Eq. (81). The closed-form expressions for the stres-
ses, electric displacements and magnetic inductions can be ob-
tained from Eqs. (85)–(87) by setting Q ¼ M ¼ 0, but they are
omitted here for the sake of brevity.
5.2. Exact solutions for a cylindrical punch





: ð91Þ5.2.1. An electrically conducting and magnetically conducting
cylindrical punch
Following Giannakopoulos and Suresh (1999), the present
investigation models the electric charge and magnetic induction
distribution under a punch with a constant electric potential and
a constant magnetic potential asqðgÞ ¼ q1ðgÞ þ qemðgÞ; ð92Þ
mðgÞ ¼ m1ðgÞ þmemðgÞ; ð93Þwhere q1ðgÞ represents the electric charge generated by the normal
mechanical load P and is smooth at both edges; qemðgÞ denotes the
total electric charge generated by the constant electric potential /0
and constant magnetic potential w0, which has a square root
singularity at both edges; m1ðgÞ is the magnetic induction gener-
ated by the normal mechanical load P and is smooth at both edges;
and memðgÞ denotes the total magnetic induction generated by the
constant electric potential /0 and constant magnetic potential w0,
which has a square root singularity at both edges.
Thus, the singular integral equations (68)–(70) and equilibrium
equations (23), (26), and (30) can be rewritten in terms of un-
known functions pðgÞ, q1ðgÞ, qemðgÞ, m1ðgÞ, and memðgÞ. Unknown




























g Xm1ðgÞdg ¼ 0;












g Xm1ðgÞdg ¼ 0;
jXj < a; ð96Þ
Z a
a
pðgÞdg ¼ P; ð97Þ
Z a
a
q1ðgÞdg ¼ QP ; ð98ÞZ a
a
m1ðgÞdg ¼ MP; ð99Þunknown function qemðgÞ satisﬁes the following integral equations:Z a
a
1
g X qemðgÞdg ¼ 0; ð100Þ
Z a
a
qemðgÞdg ¼ Q  QP ; ð101Þ




g XmemðgÞdg ¼ 0; ð102Þ
Z a
a
memðgÞdg ¼ M MP; ð103Þwhere QP denotes the electric charge due to the total indentation
force P and MP denotes the magnetic induction due to the total
indentation force P. The quantities QP and MP will be determined
below. To maintain the punch in equilibrium, the conditions
Q P QP and M P MP should be satisﬁed.
The exact solutions (Hills et al., 1993) of Eqs. (94)–(103) in
terms of unknown functions pðgÞ, q1ðgÞ, qemðgÞ, m1ðgÞ, and



























p ; jXj < a; ð106Þwhere p0, q0, and m0 are given in Appendix A.
Substituting Eqs. (104)–(106) into Eqs. (97)–(99) yields the fol-
lowing relationship among the half-width a of the contact region,
the total indentation load P, and the electric charge and the mag-















: ð107ÞFrom Eq. (107), QP and MP can be determined.











ðp0H1jþq0H3jm0H4jÞJ1ðx aÞ; ðj¼1;    ;4Þ; ð108Þwhere J0ðÞ and J1ðÞ are the zero-order and ﬁrst-order Bessel func-
tions of the ﬁrst kind, respectively.
Substituting Eq. (108) into Eqs. (52)–(54) yields the following
explicit expressions for the stresses, electric displacements, and
magnetic inductions:
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where the known functions IðsÞmjðX; ZÞ ðm ¼ 0;1;2; j ¼ 1;2;3;4Þ,
IðeÞnj ðX; ZÞ ðn ¼ 0;1; j ¼ 1;2;3;4Þ, and IðmÞnj ðX; ZÞ ðn ¼ 0;1; j ¼ 1;2;
3;4Þ are the same as those in Eqs. (85)–(87), and the known func-
tions KðsÞmjðX; ZÞ ðm ¼ 0;1;2; j ¼ 1;2;3;4Þ, KðeÞnj ðX; ZÞ ðn ¼ 0;1; j ¼
1;2;3;4Þ, and KðmÞnj ðX; ZÞ ðn ¼ 0;1; j ¼ 1;2;3;4Þ are given in
Appendix A.
5.2.2. An electrically insulating and magnetically insulating cylindrical
punch
In this case, the electric charge distribution under a punch with
a constant electric potential can be written as
qðgÞ ¼ q1ðgÞ þ q2ðgÞ; ð112Þ
where q1ðgÞ is the electric charge generated by the total indentation
force P and is smooth at both edges and q2ðgÞ denotes the electric
charge generated by the constant electric potential /0, which has
a square root singularity at both edges. Thus, the singular integral
equations (71) and (72) and the equilibrium equations (23) and
(26) can be rewritten in terms of unknown functions pðgÞ and







g X q1ðgÞdg ¼ 
X
R








g X q1ðgÞdg ¼ 0; jXj < a; ð114Þ
Z a
a
pðgÞdg ¼ P; ð115ÞZ a
a




g X q2ðgÞdg ¼ 0; ð117Þ
Z a
a
q2ðgÞdg ¼ Q  QP; ð118Þ
where QP denotes the electric charge due to the total indentation
force P, which can be determined by Eq. (121).
The exact solutions of Eqs. (113)–(118) in terms of unknown


















p ; jXj < a; ð120Þ
where p0 and q0 are given in Appendix A.
Substituting Eqs. (119) and (120) into Eqs. (115) and (116)
yields the following relationship among the half-width a of the
contact region, the total indentation load P, and the electric charge

















H3jðQ  QPÞJ0ðx  aÞ þ
ð1Þjap
2x2HR
ðp0H1j þ q0H3jÞJ1ðx  aÞ;
 ðj ¼ 1;2;3;4Þ: ð122Þ
Substituting Eq. (122) into Eqs. (52)–(54) produces the explicit
expressions for the stresses, electric displacements, and magnetic
inductions. In fact, these explicit expressions can also be obtained
by settingM ¼ 0,MP ¼ 0 andm0 ¼ 0 in Eqs. (109)–(111) and hence
are omitted here.
By using the appropriate material properties, the results for a
conducting cylindrical punch in piezoelectric materials (Zhou and
Lee, 2012) can be described by the equations in this subsection.
5.2.3. A magnetically conducting and electrically insulating cylindrical
punch
In this case, the magnetic induction distribution under the
punch with a constant magnetic potential can be written as
follows:
mðgÞ ¼ m1ðgÞ þm2ðgÞ; ð123Þ
where m1ðgÞ is the magnetic induction generated by the normal
mechanical load P and is smooth at both edges and m2ðgÞ denotes
the magnetic induction generated by the constant magnetic poten-
tial w0, which has a square root singularity at both edges. Thus, the
singular integral equations (73) and (74) and equilibrium equations
(23) and (30) can be rewritten in terms of unknown functions pðgÞ







g Xm1ðgÞdg ¼ 
X
R








g Xm1ðgÞdg ¼ 0; jXj < a; ð125Þ
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a
pðgÞdg ¼ P; ð126Þ
Z a
a




g Xm2ðgÞdg ¼ 0; ð128Þ
Z a
a
m2ðgÞdg ¼ M MP ; ð129Þ
where MP denotes the magnetic induction due to the total indenta-
tion force P, which can be determined by Eq. (132).
The exact solutions of Eqs. (124)–(129) in terms of unknown
















p ; jXj < a; ð131Þ
where p0 and m0 are given in Appendix A.
Substituting Eqs. (130) and (131) into Eqs. (126) and (127)
yields the following relationship among the half-width a of the
contact region, the total indentation load P, and the magnetic





















ðp0H1j m0H4jÞJ1ðx  aÞ; ðj ¼ 1;2;3;4Þ: ð133Þ
The explicit expressions of stresses, electric displacements and
magnetic inductions can be obtained by setting Q ¼ 0, QP ¼ 0 and
q0 ¼ 0 in Eqs. (109)–(111), which are omitted here.
5.2.4. An electrically insulating and magnetically insulating
cylindrical punch
In this case, the exact solutions of Eqs. (75) and (23) in terms of





K11  R ; jXj < a; ð134Þ
where p0 and m0 are given in Appendix A.
The relationship between the half-width a of the contact region
and the total indentation load P is
a ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ








p0H1jJ1ðx  aÞ; ðj ¼ 1;2;3;4Þ: ð136Þ
By setting Q ¼ M ¼ 0, QP ¼ MP ¼ 0 and q0 ¼ m0 ¼ 0 in Eqs.
(109)–(111), the explicit expressions for the stresses, electric dis-
placements, and magnetic inductions can be obtained, which are
omitted here.6. Conclusions
A theoretical model is developed for the moving contact behav-
ior of magneto-electro-elastic half-plane materials indented by a
moving rigid punch that possesses a ﬂat or cylindrical proﬁle.
Detailed analyses of the eigenvalue distributions of the double-
biquadrate order characteristic equation are performed. For each
eigenvalue distribution, real fundamental solutions are derived.
The punch may be electrically and magnetically conducting,
electrically conducting and magnetically insulating, electrically
insulating and magnetically conducting, or electrically and mag-
netically insulating. For each case, the Cauchy integral equations
are derived. Exact solutions to the system of integral equations
are obtained. Finally, closed-form expressions in terms of funda-
mental functions for the stresses, electric displacements, and
magnetic inductions are derived, which serve as benchmarks for
future numerical treatments of magneto-electro-elastic materials.
The exact analysis present here also provides the basic formula-
tions upon which subsequent numerical analysis will be presented
in Part II of this series of paper.Appendix A
1. Expressions of known functions Tmjðx; ZÞ ðm ¼ 0;1;2;
j ¼ 1;2;3;4Þ, Xnjðx; ZÞ ðn ¼ 0;1, j ¼ 1;2;3;4Þ, and !njðx; ZÞ





Tm4ðx;ZÞ¼ ½PðSÞmSðn3Þcosðxr3ZÞþPðSÞmCðn3Þsinðxr3ZÞexo3Z ; m¼ 0;1;2;
ðA:1Þ
Xn1ðx;ZÞ¼ ½PðEÞnC ðn1Þcosðxr1ZÞPðEÞnS ðn1Þsinðxr1ZÞexo1Z ;
Xn2ðx;ZÞ¼ ½PðEÞnS ðn1Þcosðxr1ZÞþPðEÞnC ðn1Þsinðxr1ZÞexo1Z ;
Xn3ðx;ZÞ¼ ½PðEÞnC ðn3Þcosðxr3ZÞPðEÞnS ðn3Þsinðxr3ZÞexo3Z ;
Xn4ðx;ZÞ¼ ½PðEÞnS ðn3Þcosðxr3ZÞþPðEÞnC ðn3Þsinðxr3ZÞexo3Z ; n¼0;1;
ðA:2Þ
!n1ðx;ZÞ¼ ½PðMÞnC ðn1Þcosðxr1ZÞPðMÞnS ðn1Þsinðxr1ZÞexo1Z ;
!n2ðx;ZÞ¼ ½PðMÞnS ðn1Þcosðxr1ZÞþPðMÞnC ðn1Þsinðxr1ZÞexo1Z ;
!n3ðx;ZÞ¼ ½PðMÞnC ðn3Þcosðxr3ZÞPðMÞnS ðn3Þsinðxr3ZÞexo3Z ;
!n4ðx;ZÞ¼ ½PðMÞnS ðn3Þcosðxr3ZÞþPðMÞnC ðn3Þsinðxr3ZÞexo3Z ; n¼0;1;
ðA:3Þ
where known functions PðSÞmCðÞ, PðSÞmSðÞ, PðEÞnC ðÞ, PðEÞnS ðÞ, PðMÞnC ðÞ, and
PðMÞnS ðÞ are given as
PðSÞ0C ðnÞ ¼ c11 þ c13½ReðnÞC1ðnÞ  ImðnÞD1ðnÞ þ e31½ReðnÞC2ðnÞ
 ImðnÞD2ðnÞ þ h31½ReðnÞC3ðnÞ  ImðnÞD3ðnÞ;
PðSÞ0S ðnÞ ¼ c13½ReðnÞD1ðnÞ þ ImðnÞC1ðnÞ þ e31½ReðnÞD2ðnÞ
þ ImðnÞC2ðnÞ þ h31½ReðnÞD3ðnÞ þ ImðnÞC3ðnÞ;
ðA:4Þ
PðSÞ1C ðnÞ ¼ c13 þ c33½ReðnÞC1ðnÞ  ImðnÞD1ðnÞ þ e33½ReðnÞC2ðnÞ
 ImðnÞD2ðnÞ þ h33½ReðnÞC3ðnÞ  ImðnÞD3ðnÞ;
PðSÞ1S ðnÞ ¼ c33½ReðnÞD1ðnÞ þ ImðnÞC1ðnÞ þ e33½ReðnÞD2ðnÞ
þ ImðnÞC2ðnÞ þ h33½ReðnÞD3ðnÞ þ ImðnÞC3ðnÞ;
ðA:5Þ
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PðSÞ2S ðnÞ ¼ c44½ImðnÞ  D1ðnÞ  e15D2ðnÞ  h15D3ðnÞ;
ðA:6Þ
PðEÞ0C ðnÞ ¼ e15½ReðnÞ  C1ðnÞ þ 211C2ðnÞ þ d11C3ðnÞ;
PðEÞ0S ðnÞ ¼ e15½ImðnÞ  D1ðnÞ þ 211D2ðnÞ þ d11D3ðnÞ;
ðA:7Þ
PðEÞ1C ðnÞ ¼ e31 þ e33½ReðnÞC1ðnÞ  ImðnÞD1ðnÞ  233½ReðnÞC2ðnÞ
 ImðnÞD2ðnÞ  d33½ReðnÞC3ðnÞ  ImðnÞD3ðnÞ;
PðEÞ1S ðnÞ ¼ e33½ReðnÞD1ðnÞ þ ImðnÞC1ðnÞ  233½ReðnÞD2ðnÞ
þ ImðnÞC2ðnÞ  d33½ReðnÞD3ðnÞ þ ImðnÞC3ðnÞ;
ðA:8Þ
PðMÞ0C ðnÞ ¼ h15½ReðnÞ  C1ðnÞ þ d11C2ðnÞ þ l11C3ðnÞ;
PðMÞ0S ðnÞ ¼ h15½ImðnÞ  D1ðnÞ þ d11D2ðnÞ þ l11D3ðnÞ;
ðA:9Þ
PðMÞ1C ðnÞ ¼ h31 þ h33½ReðnÞC1ðnÞ  ImðnÞD1ðnÞ  d33½ReðnÞC2ðnÞ
 ImðnÞD2ðnÞ  l33½ReðnÞC3ðnÞ  ImðnÞD3ðnÞ;
PðMÞ1S ðnÞ ¼ h33½ReðnÞD1ðnÞ þ ImðnÞC1ðnÞ  d33½ReðnÞD2ðnÞ
þ ImðnÞC2ðnÞ  l33½ReðnÞD3ðnÞ þ ImðnÞC3ðnÞ:
ðA:10Þ
For Case B:
Tmjðx;ZÞ¼PðSÞm ðojÞexojZ ; j¼1;2;
Tm3ðx;ZÞ¼ ½PðSÞmCðn3Þcosðxr3ZÞPðSÞmSðn3Þsinðxr3ZÞexo3Z ;
Tm4ðx;ZÞ¼ ½PðSÞmSðn3Þcosðxr3ZÞþPðSÞmCðn3Þsinðxr3ZÞexo3Z ; m¼ 0;1;2;
ðA:11Þ
Xnjðx;ZÞ¼PðEÞn ðojÞexojZ ; j¼1;2;
Xn3ðx;ZÞ¼ ½PðEÞnC ðn3Þcosðxr3ZÞPðEÞnS ðn3Þsinðxr3ZÞexo3Z ;
Xn4ðx;ZÞ¼ ½PðEÞnS ðn3Þcosðxr3ZÞþPðEÞnC ðn3Þsinðxr3ZÞexo3Z ; n¼0;1;
ðA:12Þ
!njðx;ZÞ¼PðMÞn ðojÞexojZ ; j¼1;2;
!n3ðx;ZÞ¼ ½PðMÞnC ðn3Þcosðxr3ZÞPðMÞnS ðn3Þsinðxr3ZÞexo3Z ;
!n4ðx;ZÞ¼ ½PðMÞnS ðn3Þcosðxr3ZÞþPðMÞnC ðn3Þsinðxr3ZÞexo3Z ; n¼0;1;
ðA:13Þ
where functions PðSÞmCðÞ, PðSÞmSðÞ, PðEÞnC ðÞ, PðEÞnS ðÞ, PðMÞnC ðÞ, and PðMÞnS ðÞ
are the same as those deﬁned in Eqs. (A.4)–(A.6) and functions
PðSÞm ðÞ, PðEÞn ðÞ, and PðMÞn ðÞ are deﬁned as
PðSÞ0 ðnÞ ¼ c11 þ c13nf ðnÞ þ e31ngðnÞ þ h31nhðnÞ;
PðSÞ1 ðnÞ ¼ c13 þ c33nf ðnÞ þ e33ngðnÞ þ h33nhðnÞ;
PðSÞ2 ðnÞ ¼ c44½n f ðnÞ  e15gðnÞ  h15hðnÞ;
ðA:14Þ
PðEÞ0 ðnÞ ¼ e15½n f ðnÞ þ 211gðnÞ þ d11hðnÞ;
PðEÞ1 ðnÞ ¼ e31 þ e33nf ðnÞ  233ngðnÞ  d33nhðnÞ;
ðA:15Þ
PðMÞ0 ðnÞ ¼ h15½n f ðnÞ þ d11gðnÞ þ l11hðnÞ;
PðMÞ1 ðnÞ ¼ h31 þ h33nf ðnÞ  d33ngðnÞ  l33nhðnÞ:
ðA:16Þ
For Case C
Tmjðx; ZÞ ¼ PðSÞm ðojÞexojZ ; j ¼ 1; . . . ;4; ðA:17Þ
Xnjðx; ZÞ ¼ PðEÞn ðojÞexojZ ; j ¼ 1; . . . ;4; ðA:18Þ!njðx; ZÞ ¼ PðMÞn ðojÞexojZ ; j ¼ 1; . . . ;4; ðA:19Þ
where functionsPðSÞm ðÞ,PðEÞn ðÞ, andPðMÞn ðÞ are the same as those de-
ﬁned in Eqs. (A.11)–(A.13).
2. Expressions of IðsÞmjðX; ZÞ ðm ¼ 0;1;2; j ¼ 1; . . . ;4Þ, IðeÞnj ðX; ZÞ
ðn ¼ 0;1; j ¼ 1;2;3;4Þ, and IðmÞnj ðX; ZÞ ðn ¼ 0;1; j ¼ 1;2;3;4Þ,
which appear in Eqs. (85)–(87), and KðsÞmjðX; ZÞ ðm ¼ 0;1;2;
j ¼ 1;2;3;4Þ, KðeÞnj ðX; ZÞ ðn ¼ 0;1; j ¼ 1;2;3;4Þ, and KðmÞnj ðX; ZÞ







IðeÞnj ðX;ZÞ; For Flat;





IðmÞnj ðX;ZÞ; For Flat;




































½PðSÞ2S ðn3ÞB21ðX; ZÞ þPðSÞ2C ðn3ÞA22ðX; ZÞ;
DðeÞ01 ðX; ZÞ ¼
1
2
½PðEÞ0C ðn1ÞA21ðX; ZÞ PðEÞ0S ðn1ÞA22ðX; ZÞ;
DðeÞ02 ðX; ZÞ ¼
1
2
½PðEÞ0S ðn1ÞA21ðX; ZÞ þPðEÞ0C ðn1ÞA22ðX; ZÞ;
ðA:22Þ
DðeÞ03 ðX; ZÞ ¼
1
2
½PðEÞ0C ðn3ÞB21ðX; ZÞ PðEÞ0S ðn3ÞB22ðX; ZÞ;
DðeÞ04 ðX; ZÞ ¼
1
2












½PðEÞ1C ðn3ÞB11ðX; ZÞ PðEÞ1S ðn3ÞB12ðX; ZÞ;
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1
2
½PðEÞ1S ðn3ÞB11ðX; ZÞ þPðEÞ1C ðn3ÞB12ðX; ZÞ;DðmÞ01 ðX; ZÞ ¼
1
2
½PðMÞ0C ðn1ÞA21ðX; ZÞ PðMÞ0S ðn1ÞA22ðX; ZÞ;DðmÞ02 ðX; ZÞ ¼
1
2
½PðMÞ0S ðn1ÞA21ðX; ZÞ þPðMÞ0C ðn1ÞA22ðX; ZÞ;DðmÞ03 ðX; ZÞ ¼
1
2
½PðMÞ0C ðn3ÞB21ðX; ZÞ PðMÞ0S ðn3ÞB22ðX; ZÞ;
DðmÞ04 ðX; ZÞ ¼
1
2
½PðMÞ0S ðn3ÞB21ðX; ZÞ þPðMÞ0C ðn3ÞB22ðX; ZÞ;
DðmÞ11 ðX; ZÞ ¼
1
2
½PðMÞ1C ðn1ÞA11ðX; ZÞ PðMÞ1S ðn1ÞA12ðX; ZÞ;
ðA:23Þ
DðmÞ12 ðX; ZÞ ¼
1
2
½PðMÞ1S ðn1ÞA11ðX; ZÞ þPðMÞ1C ðn1ÞA12ðX; ZÞ;DðmÞ13 ðX; ZÞ ¼
1
2
½PðMÞ1C ðn3ÞB11ðX; ZÞ PðMÞ1S ðn3ÞB12ðX; ZÞ;DðmÞ14 ðX; ZÞ ¼
1
2
½PðMÞ1S ðn3ÞB11ðX; ZÞ þPðMÞ1C ðn3ÞB12ðX; ZÞ;



















a ; For Cylindrical;
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a ; For Cylindrical;
8><
>: j ¼ 1;2;










































ðxA2  aÞ2 þ ðo1ZÞ2
q 
; ðA:29Þ
xA1 ¼ r1Z þ X; xA2 ¼ r1Z  X; ðA:30Þ






















a ; For Cylindrical;
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a ; For Cylindrical;
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ðxB2  aÞ2 þ ðo3ZÞ2
q 
; ðA:36Þ
xB1 ¼ r3Z þ X; xB2 ¼ r3Z  X: ðA:37Þ
For Case B:








½PðSÞnS ðn3ÞB11ðX; ZÞ þPðSÞnC ðn3ÞB12ðX; ZÞ; n ¼ 0;1;








½PðSÞ2S ðn3ÞB21ðX; ZÞ þPðSÞ2C ðn3ÞA22ðX; ZÞ;
DðeÞ0j ðX; ZÞ ¼ PðEÞ0 ðnjÞC2jðX; ZÞ; j ¼ 1;2;
DðeÞ03 ðX; ZÞ ¼
1
2
½PðEÞ0C ðn3ÞB21ðX; ZÞ PðEÞ0S ðn3ÞB22ðX; ZÞ;
DðeÞ04 ðX; ZÞ ¼
1
2
½PðEÞ0S ðn3ÞB21ðX; ZÞ þPðEÞ0C ðn3ÞB22ðX; ZÞ; ðA:39Þ








½PðEÞ1S ðn3ÞB11ðX; ZÞ þPðEÞ1C ðn3ÞB12ðX; ZÞ;
DðmÞ0j ðX; ZÞ ¼ PðMÞ0 ðnjÞC2jðX; ZÞ; j ¼ 1;2;
DðmÞ03 ðX; ZÞ ¼
1
2
½PðMÞ0C ðn3ÞB21ðX; ZÞ PðMÞ0S ðn3ÞB22ðX; ZÞ;
DðmÞ04 ðX; ZÞ ¼
1
2
½PðMÞ0S ðn3ÞB21ðX; ZÞ þPðMÞ0C ðn3ÞB22ðX; ZÞ; ðA:40Þ
DðmÞ1j ðX; ZÞ ¼ PðMÞ1 ðnjÞC1jðX; ZÞ; j ¼ 1;2;
DðmÞ13 ðX; ZÞ ¼
1
2
½PðMÞ1C ðn3ÞB11ðX; ZÞ PðMÞ1S ðn3ÞB12ðX; ZÞ;
DðmÞ14 ðX; ZÞ ¼
1
2
½PðMÞ1S ðn3ÞB11ðX; ZÞ þPðMÞ1C ðn3ÞB12ðX; ZÞ;
where BnjðX; ZÞ (n; j ¼ 1;2) are the same as the functions given in
Eq. (A.31) and CnjðX; ZÞ (n; j ¼ 1;2) are














































DðsÞnj ðX; ZÞ ¼ PðSÞn ðnjÞC1jðX; ZÞ; n ¼ 0;1; j ¼ 1;2;3;4;
DðsÞ2j ðX; ZÞ ¼ PðSÞ2 ðnjÞC2jðX; ZÞ; j ¼ 1;2;3;4;
ðA:43Þ
DðeÞ0j ðX; ZÞ ¼ PðEÞ0 ðnjÞC2jðX; ZÞ; j ¼ 1;2;3;4;
DðeÞ1j ðX; ZÞ ¼ PðEÞ1 ðnjÞC1jðX; ZÞ; j ¼ 1;2;3;4;
ðA:44Þ
DðmÞ0j ðX; ZÞ ¼ PðMÞ0 ðnjÞC2jðX; ZÞ; j ¼ 1;2;3;4;
DðmÞ1j ðX; ZÞ ¼ PðMÞ1 ðnjÞC1jðX; ZÞ; j ¼ 1;2;3;4;
ðA:45Þ
where CnjðX; ZÞ (n ¼ 1;2, j ¼ 1;2;3;4) are the same as the functions
given in Eq. (A.41).
















4. Expressions of p0 and q0, which appear in Eqs. (119) and (120)
p0 ¼
K22
K11K22  K12K21 ; q0 ¼
K21
K11K22  K12K21 : ðA:48Þ
5. Expressions of p0 and m0, which appear in Eqs. (130) and (131)
p0 ¼
K33
K11K33  K13K31 ; m0 ¼
K31
K11K33  K13K31 : ðA:49ÞReferences
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